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In this paper, we discuss the characteristic features of 1D topological insulators with inversion
symmetry but non-centered inversion axis in the unit cell, for any choice of the unit cell. In these
systems, the global inversion operation generates a k-dependent inversion operator within the unit
cell and this implies a non-quantized Zak’s phase both for the trivial and non-trivial topological
phases. By relating the Zak’s phase with the eigenvalues of modified parity operators at the inversion
invariant momenta, a corrected quantized form of the Zak’s phase is derived. We show that finite
energy topological edge states of this family of chains are symmetry-protected not by usual chiral
symmetry but by a hidden sublattice chiral-like symmetry. A simple justification is presented for
shifts in the polarization quantization relation for any choice of endings of these chains.
PACS numbers: 74.25.Dw,74.25.Bt
In one-dimensional (1D) topological insulators with
unit cells that respect inversion(I)-symmetry, the eigen-
states of the Bloch Hamiltonian Hk generate symmetric
charge distribution in relation to the unit cell inversion
center. Choosing open boundary conditions (OBC) com-
mensurate with the unit cell, polarization is due only
to the edge states contribution and the bulk-edge corre-
spondence can be described by the intercell Zak’s phase
that ignores the relative position of orbitals within the
same unit cell. In order to find topological invariants
that protect finite energy edge states in the case of non-
commensurate OBC or non-centered I-axis in the unit
cell, modified approaches have been proposed such as
the splitting of the Zak’s phase into intracell and inter-
cell contributions [1–5], the squaring of the Hamiltonian
[6–11] or synthetic dimensions [12–16].
In this paper, we propose a different path to address 1D
topological insulators with I-symmetry but non-centered
I-axis in the unit cell, for any choice of the unit cell. Re-
lying in the Wilson’s loop method [17, 18], a quantized
corrected Zak’s phase is related with the eigenvalues of
modified parity operators at the I-invariant momenta.
Finite energy edge states in these models are shown to
be eigenstates of (and therefore protected by) a Cˆ1/2 op-
erator that reflects a underlying sublattice chiral sym-
metry. Furthermore, the non-centered I-axis in the unit
cell implies a displacement of the inversion center of the
bulk charge distribution with relation to the center of
the chain for commensurate OBC generating a shift in
the polarization quantization.
Generalization of Zak’s phase: Given a 1D tight-
binding Hamiltonian with translation invariance, its
eigenstates are Bloch states |k〉 ⊗ |uk〉, where k is the
momentum and |uk〉 is the respective eigenstate of the
Bloch Hamiltonian Hk. A convenient way to compute the
Zak’s phase in band j is through the Wilson loop, Wj =∏N−1
n=0 〈uj(−pi + n∆k)|uj(−pi + (n+ 1)∆k)〉 , where we
have set the momentum increment to ∆k = 2piNuc , with
Nuc the number of unit cells in the periodic chain. In
the continuous limit (Nuc → ∞, ∆k → 0), the Zak’s
phase [19] of band j becomes
γj = i
∫ pi
−pi
dk 〈uj(k)| dk |uj(k)〉 = Arg
(
lim
N→∞
Wj
)
(1)
where dk is the k derivative.
Eigenstates with opposite momenta are related by
the I-operator within the unit cell as |uj(−k)〉 =
eiθk pˆik |uj(k)〉, for all k 6= 0, pi, where eiθk is an arbi-
trary phase factor that we take out for convenience from
now on since they will appear as conjugate pairs in the
Wilson’s loop [18]. The condition for a k-independent pˆi
is that the I-axis is at the center of the considered unit
cell [see Fig. 1(a)]. There are models, however, where
this condition is not met for any choice of the unit cell,
as demonstrated in the case of Fig. 1(b). In the case
of the arbitrary unit cell of Fig. 1(c), both in size and
morphology (regarding the hoppings parameters), of uni-
formly spaced sites [at positions rj = (j − 12 ) aNa , with
j = 1, 2, ..., Na], the possible positions for the I-axis are
given by rm = a(
1
2 +
m
2Na
), with m = 0,±1, ...,±Na indi-
cating its displacement from the center of the unit cell.
A k-dependence in the I-operator appears for m 6= 0,
with a general form in the |k, j〉 basis (where j labels the
sites in the unit cell) being given by
pˆik = Θ(m)
[
eik [pˆi]
m×m
0
0 [pˆi]
(Na−m)×(Na−m)
]
+ Θ(−m)
[
[pˆi]
(Na+m)×(Na+m) 0
0 e−ik [pˆi]|m|×|m|
]
,
(2)
where [pˆi]
m×m
is the usual matrix representation of the I-
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Figure 1. (a) Scheme of an inversion operation in a periodic
SSH (t1t2) chain. Both sites in a given unit cell have the same
phase, before and after the inversion. (b) Scheme of an inver-
sion operation in a periodic t1t1t2t2 chain. After the inversion
is performed, the A site in each unit cell gains an extra phase
factor of eik, relative to the other sites, as a consequence of
the I-axis being to the right of the center. For this model,
no choice of unit cell has a centered I-axis. (c) Unit cell of
arbitrary size a and hoppings configuration. All N sites are
uniformly spaced, with an intersite spacing of a
N
. (d) Action
of the unitary Hermitian operators Cˆ1 and Cˆ1/2 in the band
structure of the t1t1t2t2 chain.
operator in a unit cell with m sites, that is, a skew diago-
nal matrix of dimension m such that [pˆi]
m×m
ij = δi,m+1−j .
The model in Fig. 1(b) corresponds to the particular
case of Na = 4 and m = 1. Assuming this case (general
expressions will be given below), and keeping only the
first order terms in the Wilson’s loop, we obtain
〈uj(k − dk)|uj(k)〉 = 1 + iδφ, (3)
〈uj(−k)|uj(−k + dk)〉 ' 1− i
(
δφ+ dk|uj,A(k)|2
)
, (4)
for dk < k < pi. In the last step we assumed, to leading
order, 〈uj,A(k)|uj,A(k − dk)〉 ≈ |uj,A(k)|2. However, dif-
ferent relations hold at the I-invariant momenta k = 0, pi,
where |uj(−pi)〉 ≡ |uj(pi)〉,
〈uj(−dk)|uj(0)〉 ' 〈uj(dk)| pˆi†0 |uj(0)〉
− idk 〈uj,A(dk)|uj,A(0)〉 , (5)
〈uj(−pi)|uj(−pi + dk)〉 ' 〈uj(dk)| pˆipi |uj(pi − dk)〉
+ idk 〈uj,A(pi)|uj,A(pi − dk)〉 .(6)
The modified parity of the corresponding eigenstates
is well defined, that is, pˆi0 |uj(0)〉 = P0 |uj(0)〉 and
pˆipi |uj(pi)〉 = Ppi |uj(pi)〉, with P0, Ppi = ±1. Note that
pˆi0 and pˆipi are different and modified parity operators.
The procedure now is to substitute (3-6) in the compu-
tation of the Wilson loop in (1) to obtain the following
simplified expression for the Zak’s phase,
γj = Arg(P0Ppi)−
∫ pi
0
dk|uj,A(k)|2, (7)
which is in general non-quantized due to the last term.
The last term in (6), with a positive sign, was disregarded
as an infinitesimal surface term. A pi-quantized Zak’s
phase in each band, γ˜j , can still be recovered by dropping
the last term in the previous equation, so the general
expression for γ˜j is
γj = i
∫ pi
−pi
dk 〈uj(k)| dk |uj(k)〉 , (8)
γ˜j =

γj +
∑m
s=1
∫ pi
0
dk|uj,s(k)|2, for m > 0,
γj −
∑|m|−1
s=0
∫ pi
0
dk|uj,N−s(k)|2, for m < 0.
,(9)
which agrees with γ˜j = Arg(P0Ppi), for all m.
C1 chiral symmetry and C1/2 symmetry : Again, we
will focus on a specific example with non-centered I-axis:
the t1t1t2t2 model, which is a particular case of the SSH4
model [20, 21]. Considering the unit cell of Fig. 1(b), the
bulk Hamiltonian (intercell spacing was set to a = 1) is
HBloch(k) =

0 t2 0 t2e
−ik
t2 0 t1 0
0 t1 0 t1
t2e
ik 0 t1 0
 . (10)
The eigenvalue equation, HBloch(k) |uj(k)〉 =
Ej(k) |uj(k)〉, yields four bands, E1(k) = −E4(k) =√
∆0 + |∆k| and E2(k) = −E3(k) =
√
∆0 − |∆k|, with
∆k = t
2
1 + t
2
2e
ik = |∆k|eiφk and cotφk = t
2
1
t22 sin k
+ cot k.
Note that ±|∆k| is the energy dispersion of the SSH
model with staggered squared hoppings t21 and t
2
2. In the
following, we set t2 = 1 as the energy unit and t1/t2 = t.
After some algebra, the top band eigenvector can be
cast as
|u1(k)〉 = 1
2

√
2 sin θk
ei(k−φk)/2√
2 cos θke
ik/2
ei(k+φk)/2
 , (11)
with
θk = arctan
(
1− t2 +√1 + t4 + 2t2 cos k
t
√
2(1 + cos k)
)
, (12)
and k, φk, θk ∈] − pi, pi]. The other three eigenvectors
are obtained from this one using two unitary Hermitian
operators Cˆ1 =
∑
k
Cˆ1(k) and Cˆ1/2 =
∑
k
Cˆ1/2(k), with
Cˆ1(k) = |u1(k)〉 〈u4(k)|+ |u2(k)〉 〈u3(k)|+H.c.,
Cˆ1/2(k) = |u1(k)〉 〈u2(k)|+ |u3(k)〉 〈u4(k)|+H.c.,
3which in the basis |k,A〉, |k,C〉, |k,B〉, |k,D〉 (note the
reordering) are given by Cˆ1(k) = σz ⊗ 12 and
Cˆ1/2(k) =
[
sgn(k)[sin
(
k
2
)
σx − cos
(
k
2
)
σy] 0
0 σz
]
, (13)
where σα are the Pauli matrices. In all eigenstates, the
occupation probability in both sublattices AC and BD is
1/2.
The operators Cˆ1 and Cˆ1/2, whose action is depicted
in Fig. 1(d), reflect respectively the usual chiral sym-
metry and a hidden sublattice chiral-like symmetry of
this system. All bipartite models have chiral symme-
try, defined by the existence of an operator Cˆ1 such that
Cˆ1HCˆ1 = −H (note that this condition does not define
Cˆ1 uniquely). The presence of chiral symmetry entails a
symmetric energy spectrum around zero. In particular, if
a chiral-symmetric model has edge states with non-zero
energy, as we will show to be the case in the t1t1t2t2
model, these edge states appear in chiral pairs with sym-
metric energies and are localized at the same edge [22].
Chiral symmetry, by itself, only ensures the topological
protection of edge states if these have zero energy, other-
wise the topological protection of the edge states has to
be defined with recourse to another operator.
Let us determine the general form of an edge-like eigen-
state of an infinite t1t1t2t2 chain. These states are in
general non-normalizable. However, if they have zeros of
amplitude at certain sites, we can cut the infinite chain
at these sites and these edge states become exact eigen-
states of the chain with OBC, orthogonal to the harmonic
bulk states, since the boundary conditions are automati-
cally satisfied. A general eigenstate of the infinite t1t1t2t2
chain can be written as |w(ε, c)〉 = ∑j cj |u(ε, c)〉, where
c = eik, k ∈ C, that is, we allow for a complex mo-
mentum k so that exponentially decaying solutions (the
edge states) are not ruled out [23–26]. The eigen-
value equation H |w(ε, c)〉 = ε |w(ε, c)〉 can be rewritten
as Hedge(c) |u(ε, c)〉 = ε |u(ε, c)〉 with a non-Hermitian
Hedge(c) = HBloch(e
ik → c) which yields the eigenener-
gies ε = εk
(
eik → c) where εk is the energy dispersion of
the Bloch states given in the previous section, written as
εk = ±
√
∆0 ±
√
∆k∆∗k (the four sign combinations are
possible). The respective (non-normalized) eigenstates
are
|u(ε, c)〉 =

uA(ε, c)
uB(ε, c)
uC(ε, c)
uD(ε, c)
 =

ε(ε2 − 2t2))
ε2 − t2 + ct2
(1 + c)tε
cε2 + t2 − ct2
 . (14)
We search for the values of c for which (14) has a zero
of amplitude on at least one of the components in any
of the four possible eigenstates, as required by the OBC.
There are only four such values of c: (i) c = ±1 cor-
responding to the k = 0 and k = pi bulk states of
the four bands; (ii)
∣∣u(ε, c = − 1t2 )〉 = (−t2, 0, t, ε)T and∣∣u(ε, c = −t2)〉 = (1, ε, t, 0)T with energy ε = √t2 + 1,
obtained by algebraic development of (14) [27], as well
as the respective chiral pairs. The available edge states
of this model are given by the c = −t2,− 1t2 cases, with
t 6= 1, each with two possible edge states with symmetric
energies.
In the SSH model, for t < 1, the left and right edge
states are written as |L〉 ≈∑j(−t)j−1√1− t2 |j, A〉 and
|R〉 ≈ ∑j(−1/t)j−1√1− 1/t2 |j, B〉. These states are
their own chiral pairs, that is, C1 |L(R)〉 = σz |L(R)〉 =
+(−) |L(R)〉 and it is this property that forces the en-
ergy of these states to remain zero as long as the chiral
symmetry is not broken. The finite energy of edge states
of the t1t1t2t2 chain described above implies that these
states are not protected by the usual chiral symmetry,
but they are by the symmetry associated with the Cˆ1/2
operator. An important detail is that, unlike Cˆ1, the
Cˆ1/2 operator has a k-dependent Cˆ1/2(k) matrix repre-
sentation. In the edge states subspace, the matrix rep-
resentation of the Cˆ1/2 operator is obtained in the same
way as Hedge, that is, Cˆ
edge
1/2 (c) = Cˆ
Bloch
1/2 (e
ik → c) [28]
and in the {|A〉 , |C〉 , |B〉 , |D〉} basis of each unit cell, it
is given by
Cˆedge1/2 (c) =

0 1√|c| 0 0√|c| 0 0 0
0 0 1 0
0 0 0 −1
 . (15)
The finite energy edge states of the t1t1t2t2 chain are
their own pairing state under Cˆedge1/2 (c).
If we square the Hamiltonian of the OBC t1t1t2t2 chain
shown in Fig. 1(b) (which has I-symmetry but non-
commensurate OBC), one obtains two decoupled OBC
chains with I-symmetry: a commensurate SSH chain
(with B and D sites) with hopping parameters t21 and t
2
2
and local potential t21+t
2
2 and a chain (with A and C sites)
with non-commensurate OBC, staggered local potentials,
and an impurity potential at the ends. Both chains have
the same spectrum and the edge state in the SSH chain
is protected by the usual chiral symmetry (which is a
sublattice symmetry in the original chain) if zero energy
is set at the value of the diagonal local potential. This
SSH chiral symmetry corresponds to the lower block in
the previous matrix representation of Cˆedge1/2 (c), and ac-
cordingly the edge states of the t1t1t2t2 chain are pro-
tected against perturbations that preserve this lower σz
block, such as hoppings terms connecting B and D sites.
Note that such perturbations break the chiral symmetry
given by the Cˆ1 operator, showing unambiguously that
the chiral-like symmetry given by the Cˆedge1/2 (c) operator
is the topologically protecting symmetry of our model.
Non-quantized polarization: If the unit cell is commen-
surate with the OBC, real-space I-symmetry is absent in
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Figure 2. (a) Band structure and (b) charge distribution (in
units of the electron charge) of a t1t2t2t1 chain (for t1  t2)
with I-symmetry. In this case, the number of unit cells is non-
integer, since an extra A site was added at the right end. The
colors indicate which bands/edge states generate the charge
distributions shown at the bottom. The triangular blocks
reflect the nearly compact Wannier states of the bulk bands.
In order to address t1  t2, the colors of the bands should be
exchanged and the edge states removed from the band gaps
and moved into the bulk of bands 2 and 3. (c) Polarization
per unit length for the t1t2t2t1 chain in the case of 6 unit cells,
showing the shift in the quantization relation.
1D topological insulators with non-centered I-symmetry
axis within the unit cell. I-symmetry in relation to the
center of the chain can be recovered considering a non-
integer number of unit cells [for example, adding an extra
A site at the right end of the t1t2t2t1 chain, see Fig. 2(b)].
At the topological transition point of the t1t2t2t1 chain,
t1 = t2, both cases show zero polarization when any num-
ber of bands/states are occupied.
Assuming the latter case and t1  t2, one has left and
right finite energy edge states in the top and bottom gaps
as shown in Fig. 2(a) and the charge distribution gener-
ated by the bands and the edge states has approximately
the simple form displayed on Fig. 2(b) (the colors give
the correspondence to the respective bands/edge states).
The polarization when only the bottom band and an edge
state are occupied is ±e/2 depending on whether the left
or the right edge state is occupied. This is expected since
I-symmetry is present. The former case (with integer
number of unit cells) is obtained from the latter drop-
ping the A site at the right end of the chain generating
a shift of the center of the chain as shown in the bottom
of Fig. 2(b). The charge distribution due to the bottom
band is not significantly affected when removing that site,
but the right edge state is, becoming a zero energy edge
state nearly fully localized at the D site at the right end.
Furthermore, the inversion center of the bottom band
charge distribution becomes shifted in relation to the cen-
ter of the chain, contributing therefore to the polariza-
tion. This contribution can be determined in two ways,
either by summing charge times position throughout the
chain (in this case the contribution of the positive back-
ground is zero) or by adding the polarization of the unit
cells and in this case the contribution of the positive back-
ground at the empty sites at the ends of the chain must
be added if one does not have the same number of empty
sites outside the unit cells on both ends of the chain (as
in the case with I-symmetry). So the polarization per
unit length for the t1t2t2t1 chain with integer number of
unit cells Nuc and with the Nuc lowest energy states filled
is
P/e =

0, |t1| = |t2|,
−1
2
+
Nuc − 1
Nuc
PucCDAB
a
, |t2|  |t1|,
PucABCD
a
, |t2|  |t1|,
(16)
where PucABCD(CDAB) is the polarization of the unit cell
ABCD (CDAB) in the bottom (top) plot of Fig. 2(b)
and the (−1/2) quantized term is due to the left edge
state (ignoring finite size corrections) of Fig. 2(b). In
Fig. 2(c), we show these shifts in the quantization relation
of the polarization in the case of 6 unit cells. These
arguments can be generalized for any choice of endings
of the t1t2t2t1 chain. Note that the charge density of
the bottom band fixes the charge density of all bands
(except at the edges) due to the chiral symmetry and the
condition that the total charge gives one at every site.
To summarize, 1D topological insulators with non-
centered I-axis in the unit cell for any choice of the unit
cell show the following distinct features: i) a k-dependent
I-operator within the unit cell; ii) the need for a correc-
tion in the Zak’s phase to recover pi-quantization con-
sistent with the eigenvalues of modified parity operators
at the I-invariant momenta; iii) a sublattice chiral-like
symmetry protecting finite energy edge states, reflecting
the need, in contrast with what is usually assumed, of
explicit expressions for the respective symmetry opera-
tor not only in each k-subspace but also in the basis of
the edge states; iv) a shift of the center of charge dis-
tribution of bulk bands in relation to the center of the
chain for OBC commensurate with the unit cell. These
results can be straightforwardly generalized to quasi-1D
5models (such as diamond chains [7, 29]) and ribbons with
non-centered axes of I-symmetry within the unit cell.
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6SUPPLEMENTAL MATERIAL
I. EDGE STATE SOLUTIONS OF EQ. 14
Let us address edge-like states in an infinite t2t1t1t2
chain. As mentioned in the main text, these states are
not normalizable, but if they have zeros of amplitude
at certain sites of the chain, open boundary conditions
(OBC) may be introduced at these sites and one obtains
an eigenstate of the finite chain which is orthogonal to
the “harmonic” eigenstates. So we look for solutions of
the type
cj

ψA
ψB
ψC
ψD
 . (17)
We have four equations from the eigenvalue relation
εcjψA = t2ψBc
j + t2ψDc
j−1, (18)
εcjψB = t2ψAc
j + t1ψCc
j , (19)
εcjψC = t1ψBc
j + t1ψDc
j , (20)
εcjψD = t1ψCc
j + t2ψAc
j+1, (21)
which can be rewritten as a matrix equation
ε

ψA
ψB
ψC
ψD
 =

0 t2 0 t2/c
t2 0 t1 0
0 t1 0 t1
t2c 0 t1 0


ψA
ψB
ψC
ψD
 , (22)
leading to four energies (for t2 = 1 and t1 = t)
ε = ±
√
c2 (t2 + 1)±√c3 (c+ t2) (ct2 + 1)
c
, (23)
The respective eigenstates are
ε(ε2 − 2t2)
(ε2 − t2 + ct2)
(1 + c)tε
(cε2 + t2 − ct2)
 . (24)
We now require that one of the amplitudes is zero so
that this state is an eigenstate of the finite chain with
OBC. If we choose the first component, this leads to ε =
±√2t and c = −1 (k = pi state) or to ε = 0 and c = 1
(k = 0 state). This implies that no edge state will be
present at a left edge that ends with a B site or at a right
edge that ends with a D site.
If we choose the second component, besides solutions
that are not edge states (a k = 0 state with zero energy),
we have
ε = ±
√
1 + t2, (25)
c = −1/t2, (26)
and the eigenstate is
±√1 + t2(1− t2)
0
∓√1 + t2(1− t2)/t
−1/t2 + t2
 (27)
Recalling that we are working with non-normalized edge
states, we may divide the previous state by the first com-
ponent leading to
1
0
−1/t
−ε/t2
 ×(−t2)−−−−→

−t2
0
t
ε
 . (28)
which is the form of (ii)
∣∣u(ε, c = − 1t2 )〉 = (−t2, 0, t, ε)T
shown in the main text below Eq. 14. A similar pro-
cedure is followed in order to obtain
∣∣u(ε, c = −t2)〉 =
(1, ε, t, 0)T .
II. HOW TO DERIVE EQ. 15 FROM EQ. 13
The unitary Hermitian operator Cˆ1/2 =
∑
k
Cˆ1/2(k),
with
Cˆ1/2(k) = |u1(k)〉 〈u2(k)|+ |u3(k)〉 〈u4(k)|+H.c.,(29)
in the basis |k,A〉, |k,C〉, |k,B〉, |k,D〉 [where A,B,C,D
are the sites of the unit cell of the t1t1t2t2 chain shown
in Fig. 1(b) of the main text] is given by
Cˆ1/2(k) =
[
sgn(k)[sin
(
k
2
)
σx − cos
(
k
2
)
σy] 0
0 σz
]
, (30)
where σα are the Pauli matrices:
σx =
[
0 1
1 0
]
, (31)
σy =
[
0 −i
i 0
]
, (32)
σz =
[
1 0
0 −1
]
. (33)
The explicit form of the unitary Hermitian operator
Cˆ1/2(k) substituting the Pauli matrices for k > 0 is
Cˆ1/2(k) =

0 ieik/2 0 0
−ie−ik/2 0 0 0
0 0 1 0
0 0 0 −1
 . (34)
Since the Cˆ1/2 operator has a k-dependent Cˆ1/2(k)
matrix representation, the matrix representation in
the edge states subspace of the Cˆ1/2 operator is ob-
tained by analytical continuation, that is, Cˆedge1/2 (c) =
7CˆBloch1/2 (e
ik → c) with c = −e−α = ei(pi+iα) , and in
the {|A〉 , |C〉 , |B〉 , |D〉} basis of each unit cell, it is given
by
Cˆedge1/2 (c) =

0 1√|c| 0 0√|c| 0 0 0
0 0 1 0
0 0 0 −1
 . (35)
If one chooses c = −e−α = ei(−pi+iα) and uses the matrix
representation of Cˆ1/2 operator with k < 0, one obtains
the same result.
